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Summary

From a mathematical point of view, the genetic code is a surjective mapping between the set
of the 64 possible three-base codons and the set of 21 elements composed of the 20 amino
acids plus the Stop signal. Redundancy and degeneracy therefore follow. In analogy with the
genetic code, non-power integer-number representations are also surjective mappings
between sets of different cardinality and, as such, also redundant. However, none of the non-
power arithmetics studied so far nor other alternative redundant representations are able to
match the actual degeneracy of the genetic code. In this paper we develop a slightly more
general framework that leads to the following surprising results: i) the degeneracy of the
genetic code is mathematically described, ii) a new symmetry is uncovered within this degen-
eracy, iii) by assigning a binary string to each of the codons, their classification into definite
parity classes according to the corresponding sequence of bases is made possible. This last
result is particularly appealing in connection with the fact that parity coding is the basis of the
simplest strategies devised for error correction in man-made digital data transmission systems.
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Amino acid coding obeys a digital scheme: four distinct
symbols grouped in clusters of three elements, or
triplets, code for the twenty different amino acids and
the Stop signal which marks the end of protein tran-
scription [1]. This digital nature of amino acid encoding
allows for the development of computational models of
DNA which in turn permit the application of informa-
tion theory techniques for the analysis and interpreta-
tion of long genome sequences [2]. Although quaternary
number systems can be utilized to represent triplets
numerically [3], efficient computational encoding is usu-
ally of a binary type, that is, it uses only two different
symbols (0,1) instead of the four basic symbols T, C, A,
and G associated with the four bases of the double
strand of DNA (see Box 1). Mainly for this reason (but
not exclusively), several methods have been proposed to
convert sequences of bases into bit sequences. Almost all
of them use a fixed binary representation of two bits for
any base within the triplet (one bit if only the purine-
pyrimidine (Y-R) character of a base in a specified posi-
tion with respect to the reading frame is coded) [4-7].
However, the usual binary description represents num-
bers univocally, and because of this inherently injective
(one-to-one) property, does not contribute very much to
uncovering any mathematical order related to the weak-
er surjective (onto) character of the genetic code. In this
sense, more interesting are binary non-power represen-
tations (see Box 1), because a given whole number can
be encoded simultaneously by several binary strings:
there is an essential degeneracy in the representation. A
general question can thus be posed as to whether there
exists a binary non-power number representation
describing the degeneracy of the genetic code, or, in
mathematical terms, whether there exists a binary non-
power representation which defines a structural isomor-
phism between the two surjective applications.

To answer this question, we first note that the palin-
dromic symmetry of non-power representations implies
that in a given representation, the cardinal number of at
most one subset of represented numbers with a given
degeneracy can be odd (see Box 1), or, in other words,
the number of whole numbers which share the same
degeneracy in the representation is always even (with
only one possible exception). As a consequence, the
actual degeneracy of the genetic code cannot be
described by any non-power integer representation
because three subsets of amino acids sharing the same
degeneracy are odd, i.e. there are 3 amino acids with
degeneracy 6, 5 amino acids with degeneracy 4, and 9
amino acids with degeneracy 2. However, different
works suggest that what matters is degeneracy inside
quartets of the genetic code [7-9], that is, inside groups
of 4 triplets determined by the same first two letters.
This is equivalent to saying that degeneracy-6 amino
acids are indeed coded by two subsets, one with degen-
eracy 2 and the other with degeneracy 4. In such a case
it can be demonstrated that a non-power representation
of the genetic code degeneracy is possible if we assign to
the 6 positional base numbers of the representation the
values (x,, Xy, ... x5) = (1, 1, 2, 4, 7, 8). We call this par-
ticular non-power representation a DNA-like binary
non-power representation (see Figure 1). The DNA-like

representation describes exactly all the actual degenera-
cy of the genetic code inside quartets, i.e. there are the
same number of amino acids sharing a given degenera-
cy in the genetic code as that of whole numbers sharing
the same degeneracy in the DNA-like representation,
and this is valid for all degeneracy values (from 1 to 4).
In fact, there are two objects (which can be whole num-
bers or amino acids) with degeneracy 1, 12 with degen-
eracy 2, 2 with degeneracy 3, and 8 with degeneracy 4
(the degeneracy-6 amino acids contribute with 3 ele-
ments to each of the degeneracy-2 and -4 families).

This fact represents per se a surprising mathematical
result, because the probability that such an exact corre-
spondence of degeneracy can be due to a fortunate
coincidence (indeed calculated for a less restrictive case
know as Rumer’s transformation) is very low [10].
However, the former description will remain only a
result of theoretical interest if a clear connection
between the binary strings and the real triplets of bases
cannot be done. For this reason, in order to find the
biological meaning of the present mathematical descrip-
tion of the code degeneracy, we make an attempt to
establish the connection between binary strings and base
triplets based on the symmetry properties of both the
DNA-like non-power representation and the genetic
code. The results are also presented in Figure 1, where
to every whole number is assigned a coded amino acid.
Some of the main aspects related to this surprising cor-
respondence between triplets and binary strings are dis-
cussed in the following:

i) 3™ letter coding: All known versions of the genetic
code possess a perfect symmetry under the exchange
of C=T in the last letter of the triplet. In Figure 1 we
can observe that the same is true for strings ending
with 01 or 10: all the encoded numbers represented
by these kinds of strings remain invariant under the
associated transformation 01<10. Thus we may con-
clude that a;, a,, a, a,, 0, 1- a,, a, a,, a,, 1, 0 exchange
is equivalent to C -T exchange in the last letter of the
triplet (with the encoded amino acid remaining
invariant under such a transformation). By exclusion,
strings ending in 00 or 11 must encode a final G or A,
but observing that both degeneracy-one amino acids,
W Trp and M Met, are necessarily encoded by the
degeneracy-one strings, (0, 0,0, 0,0, 0) and (1, 1, 1, 1,
1, 1), and that both end in G, we see that the termina-
tion of strings in 00 or 11 does not suffice to distin-
guish triplets ending in A or G. We need to consider
the parity of the strings. For a binary string, parity is
defined according to the total number of 1’s: an even
number of I's defines an even-parity string while an
odd number of 1’s defines an odd-parity string (see
also Box I). Returning to the A or G coding of the last
letter of a triplet, we can assert that strings ending in
00 or 11, but with total even parity, encode a final G,
while the same kind of strings with total odd parity
encode a final A.

i) palindromic symmetry: By inverting the former rules
we can conclude that the two degeneracy-3 strings
represent triplets ending in T, C, and A. This descri-
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Usual number representations use the power of some basis, k, weighted with digits that span the range (0; k-1) [22].
This ensures that the representation is univocal (one to one). In the digital representation is used the base 10 (k=10)
and the positional coefficients, which can take the values from 0 to 9, are placed following the rising ordered powers
of 10. For example the base 10 representation of the number 15 coincides with its usual written version with the
meaning,

n 10'=10 100=1
15 1 5
15=1.10 + 5.1

The binary representation corresponds to k=2, so the positional values correspond to the powers of 2 and the rela-
tive coefficients can take only the values, 0 and 1 [22]. The number 15 is represented in the binary base as,

n 23=8 22=4 21=2 201
5 S S S

15=18+14+12+1.1

A generalization of the k-power number system consists in the assignment of arbitrary numbers to the positional val-
ues instead of the powers of k. For this reason this systems are sometimes called non-power representations [23]. If
the positional values grow more slowly than the powers of two the representation is in general complete (all numbers
from 0 to the sum of all bases are represented) but redundant (a given number can be represented by more than one
binary string). An interesting example is the Fibonacci representation [23-24] for which the positional base values
are successive Fibonacci numbers. Fibonacci numbers take their name from Leonardo Pisano, known also as
Fibonacci, the italian mathematician who discover them. Fibonacci numbers form a series in which the nth number
of the series is obtained as the sum of its two predecessors, i.e., I, = F _, + F_,, with the initial condition F, = 1 and
F, = 1. The Fibonacci representation of order 6 (6 bits ‘word size’) uses the first 6 Fibonacci numbers, 1, 1, 2, 3, 5,
and 8. The number 15, for example, is represented by the following binary strings,

15=18+15+1.2=18+1.5+1.1+1.1 = 1.8+1.3+1.2+1.1+1.1

We have highlighted in colour the concept of parity of a binary string: even strings are in red, odd strings are green.
Parity is defined taking into consideration the number of 1’s in a given string: an even number of 1’s gives an even
string and an odd number of 1’s an odd string. The order-6 Fibonacci representation shares some properties with
the genetic code, for example, is redundant (the number 15 is represented by 3 binary strings) and there are exactly
21 numbers represented by 64 binary strings. However, the degeneracy of the order-6 Fibonacci coding do not
describes the actual degeneracy observed in the genetic code (nor other alternative redundant numeration systems

[25]).

In a more general context, non-power number representations possess a general property: degeneracy is a palin-
dromic function of the represented number; the numbers r, and R-r, where R is the maximum integer that can be
represented, share the same degeneracy. Palindromically related pairs are numerically represented by a complement
to 1 operation: the palindrome of a given string is obtained replacing simultaneously 0 by 1 and 1 by 0. A conse-
quence of the palindromic property is that the subset of represented numbers with a given degeneracy has a cardinal
number even except for the case in which (R+1) is odd. In such a case, the degeneracy of the central number, R/2, is
shared by an odd number of represented numbers.

Box 1. Integer number representations.

bes well the I Ile assignment, but not the Stop signal.
The Stop signal is the only one with degeneracy less than
or equal to 4 that has triplets with a different second let-
ter. In fact, the triplet TGA presents some odd charac-
teristics. For example, it codes for different amino acids
in different versions of the code and, in some cases, for a
21* amino acid, selenocysteine [11-12]. Thus we can
think that this assignation in the standard code is a kind
of symmetry breaking of a more symmetric template, as
has also been suggested in other contexts [13-14]. We

can observe that in a particular version of the genetic
code, the euplotid nuclear, the triplet TGA represents C
Cys, which becomes one of the degeneracy-3 amino acids
(instead of the Stop signal) being represented by three
triplets ending in T, C and A, as implied by the DNA-like
representation. For this reason, the euplotid nuclear ver-
sion of the code is considered, in the present approach,
the general symmetric template on which different sym-
metry-breaking alterations describe the other versions,
and in particular the standard one (which differs from
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Figure 2. (A). Palindromic symmetry. All quartets (groups of four
codons sharing their two first letters) are related in pairs
by the palindromic transformation. Arrows of the same color
indicate a common operation at the triplet level. The
complete set of transformations can be written in compact

form as:
1st |etter 2" |etter 3 letter
Transformation  [T<=A; C; G] [T<G] [T<C; A; G]
Transformation [T<>A ; C<>G] [A; C] [T<>C; A; G]

which has not been previously noted (some similar mapping
is represented by the Rumer’s transformation which do not
preserve degeneracy) [7]. Observe that the letter T is the only
one that is transformed in all triplet positions. The symmetry
corresponds exactly to the Euplotid nuclear version

of the genetic code. The standard code can be viewed

as a symmetry breaking at the level of the codon TGA, which
codes in that case for the Stop signal instead of Cysteine.

(B) Site variations and palindromic transformation. The
quartets involved in some variation of the encoded amino
acids or in the Stop triplets among the different versions

of the genetic code are highlighted in color [15]. There are 8
variable quartets related by the palindromic transformation.
The only exceptions are shown in gray: TCN, for which there
is reported a variation in the triplet TCA [16], and TTN, for
which there are no reported variations. Similarly, the invariant
quadruplets (with the exception of TCN) are also related

by the palindromic transformation.

the euplotid nuclear one only in the TGA triplet assign-
ment). We can observe that in the euplotid nuclear ver-
sion, this symmetry is represented by transformations
between quartets (groups of four triplets) of the genetic
code which preserve the coding degeneracy. This fact is
in some sense complementary of the before mentioned
Rumer’s transformation [7] describing a mapping
between quartets which break the coding degeneracy.
The noticeable fact in the present approach is that this
coding degeneracy-preserving symmetry is described at
the mathematical level by a simple and concise rule: two
symmetric triplets are represented by binary strings
related by the complement to 1 operation (replace any
0/1 in one string by 1/0 in the symmetric one). We call
this remarkable symmetry palindromic symmetry. The term
palindromic symmetry refers here to the mathematical
properties of the binary strings representing triplets and
their expression at the level of the genetic code struc-
ture, not to the actual sequence of bases along the DNA

Figure 3. Parity marking of triplets. Using the same color code as
in Figure 1, even- and odd-parity triplets are shown. Triplets
ending in A or G are, respectively, odd and even. For triplets
ending in C or T, the second letter of the triplet determines
parity: T or G determines odd parity, while C or A determines
even parity. Observe that there is a perfect correspondence
with the parity of the binary strings reported in Figure 1.

chain. In fact, if a string representing a particular whole
number p is palindromic to another string, the latter
represents the whole number 23-p. It can be observed in
Figure 1 that the degeneracy corresponding to a given
whole number p is the same as that corresponding to the
complementary number 23-p; thus, the degeneracy list is
unchanged if we read it from 0 to 23 or from 23 to 0,
that is, it is a palindromic function of the whole number
represented. Regarding the genetic code, the total set of
palindromic transformations for the euplotid nuclear ver-
sion of the code is represented in graphical form for the
two first letters of triplets in Figure 2A. As the palin-
dromic transformation does not change parity at the
string level, the result of its application at the level of the
third letter of triplets is trivial: C and T are exchanged,
while A and G remain invariant. Many interesting prop-
erties of the representation will be described in a more
extensive work (DNA-like number representations and the
internal mathematical structure of the genetic code, D. L.
Gonzalez, in preparation). Here we remark only two
other facts related to palindromic symmetry:

i) the position of variable triplets in the different ver-
sions of the code: in Figure 2B are represented the
triplet variations for all known versions of the genetic
code taking as a general template the euplotid nuclear
one (observe that the position of variable sites repre-
sents an absolute reference frame) [15]. Remarkably,
variations in assignment occur in quartets related by
the palindromic transformation which define exactly
two halves of the genetic code composed of 8 quartets:
one half prone to codon reassignments and the other
invariant. Only 1 out of the 24 variations reported
breaks this striking symmetry [16];

ii) parity rules: the set of palindromic transformations is
compatible with the following parity rule for triplets
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ending in T or C: triplets ending in T or C and with
total even parity have a C or an A as the second letter;
those with total odd parity have a T or G as the second
letter. This rule complements the former one for
triplets ending on A or G and shows that all triplets of
the code are parity marked: if the triplets end in A or G,
the mark is coincident with that letter, the string being
even for a final G and odd for a final A; for triplets end-
ing in C or T, the parity is instead coded on the second
letter of the triplet (see Figure 3).

Again, as in the case of palindromic symmetry, we
found that a very simple and concise mathematical
property of the binary strings, i.e. parity, is related to a
definite property of the triplets in terms of their base
arrangement. It seems that triplets follow a very struc-
tured organization which is based on these simple math-
ematical rules established at the level of their equivalent
binary non-power representation.

We have determined a coding system based on a partic-
ular non-power number representation which describes
exactly and in a natural way the actual genetic code
degeneracy. Moreover, this system allows for a binary
representation of triplet structure. The binary code is
not fixed, but it is context dependent: binary coding of a
particular base depends on the other letters of the
triplet and on its position relative relative to the reading
frame. This fact, together with the parity ‘marking’ of
triplets by means of their second or last letter, strongly
suggests the presence of an error-correction mechanism
based on parity checking [17]. This possibility has
indeed been suggested [18], and at least from a linear
point of view, investigated [19]. Remarkably, a parity-
coding strategy has also been proposed recently for the
selection of complementary bases in the double strand
of DNA [20]. Our approach strongly suggests that there
exists a correction-error mechanism acting also ‘along’
the strands and that such a mechanism could contribute
to the accuracy of protein synthesis. In fact, different
from the parity coding of complementary pairs, which
has meaning mainly in an evolutionary context, our
hypothesized mechanism could be active in the complex
transcription-translation synthesis path. In this sense it
could be a concurrent factor for the very low amino acid
error rates in protein synthesis and also for the different
rates of error depending on the positions of nucleotides
in codons relative to the reading frame (error rate
asymmetry). This fact may be of particular importance
in medicine, because a defect in the hypothesized error
correction system could be responsible for a higher rate
of error or the impossibility to correct specific errors
associated to specific diseases. Moreover, a simple pro-
tein of 100 amino acids in length can be coded in 3'%,
i.e. approximately 10, different ways. How and why is
picked-out a particular sequence of nucleotides in this
sea of possibilities for the coding of a specific protein?
The present approach offers an opportunity to explore
in depth some of these organizational aspects of biologi-
cal information coding in DNA. The most natural sug-
gestion in this sense is to analyze the statistical proper-
ties of real coding sequences of DNA assigning to
triplets the non-trivial coding of Figure 1. Also other

simplified statistics can be performed, for example ana-
lyzing only the parity properties of triplets (only one
coding bit for triplet).

From the theoretical point of view, different theories
have been developed to explain observed or inferred
code regularities [20]. In some cases these can be associ-
ated with physico-chemical properties of the molecules
involved in the amino acid coding and decoding
processes [8,13,21]. It remains striking, however, that
different fundamental properties of the genetic code,
such as degeneracy distribution, and also unexpected
hidden properties, such as the palindromic symmetry
and the parity marking of triplets presented here,
reflect a strong mathematical order which is accurately
described by means of one of the most elementary oper-
ations at the root of mathematics: number representa-
tion.
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